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Motivated by problems in categorical database theory, we introduce and compare two notions of pre-

sentation for profunctors, uncurried and curried, which arise intuitively from thinking of profunctors

either as functors Cop×D → Set or Cop → SetD . Although the Cartesian closure of Cat means these

two perspectives can be used interchangeably at the semantic level, a surprising amount of subtlety is

revealed when looking through the lens of syntax. Indeed, we prove that finite uncurried presentations

are strictly more expressive than finite curried presentations, hence the two notions do not induce the

same class of finitely presentable profunctors. Moreover, an explicit construction for the composite of

two curried presentations shows that the class of finitely curried presentable profunctors is closed under

composition, in contrast with the larger class of finitely uncurried presentable profunctors, which is not.

This shows that curried profunctor presentations are more appropriate for computational tasks that use

profunctor composition. We package our results on curried profunctor presentations into a double equiv-

alence from a syntactic double category into the double category of profunctors. Finally, we study the

relationship between curried and uncurried presentations, leading to the introduction of curryable presen-

tations. These constitute a subcategory of uncurried presentations which is equivalent to the category of

curried presentations, therefore acting as a bridge between the two syntactic choices.

1 Introduction

In the most recent iteration of categorical database theory [Spi12; SW15; PLF22; Sch+17; SW17], pro-

functors are pervasive. Indeed, they are used to define database schemas with attributes as well as to define

generalized queries on such schemas, which, fundamentally, can also implement data exchange operations.

In this context, composition of profunctors plays a key role, since it allows us to define composite queries

in a data-independent way, and it specializes to query coevaluation [Sch+17], a natural categorical operation

on database instances which may have uses in data integration.

In order to encode these entities as finite data and define algorithms on them that implement operations

such as composition, we must move into the territory of finite presentations of these mathematical objects,

and, as we will show, different perspectives on profunctors naturally suggest distinct, inequivalent notions of

presentation. In [SW17], the authors develop a syntactic theory of data integration based on the concept of

uberflowers, which can be thought of as a notion of presentation for a certain generalization of profunctors.

When taking the particular case of profunctors, this syntactic notion reduces to what we call curried profunc-

tor presentations. These are natural when thinking of profunctors P : C −7−→D as functors P : Cop→ SetD .1

However, existing work on uberflowers does not connect these syntactic entities with their semantics as

(generalized) profunctors. On the contrary, although the semantic counterpart of the theory of uberflowers

is developed in [Sch+17], there the authors take the alternative view of profunctors as functors of the form

P : Cop×D→ Set. From this perspective, they define a notion of presentation for their semantic version of

queries, which they call bimodule presentation, and which reduces in the case of profunctors to what we call

uncurried profunctor presentations.

Owing to the Cartesian closure of Cat, these two descriptions of a profunctor are interchangeable. How-

ever, we will show that the corresponding syntactic notions of curried and uncurried profunctor presentations

1Uberflowers are central to the database algorithms implemented in the open-source CQL tool available at categoricaldata.net.

http://arxiv.org/abs/2404.01406v1
http://categoricaldata.net
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are not, since they give rise to inequivalent notions of finite presentability, and hence a fortiori uberflowers

and bimodule presentations are not equivalent notions.

In Section 2, we discuss presentations of small categories. In Section 3, after having reviewed profunc-

tors, we introduce our main objects of study: uncurried and curried profunctor presentations. We begin

our exposition with uncurried profunctor presentations (Definition 3.4) and prove (Proposition 3.9) that the

class of finitely uncurried presentable profunctors is not closed under composition. This already implies that

bimodule presentations as defined in [Sch+17] are not suitable for implementation.

We then derive presentations for copresheaves on a category presentation C, which we call C-instance

presentations, as a particular case of uncurried profunctor presentations (Definition 3.11). This is done in

order to finally define curried presentations as indexed families of instance presentations and morphisms

between them (Definition 3.15). We define a composition operation for curried profunctor presentations and

prove its correctness (Theorem 3.26), which constitutes one of our main results. This immediately implies

that the class of finitely curried presentable profunctors is closed under composition. We conclude that cur-

ried presentations are indeed appropriate for computing profunctor composition. Although the idea behind

composition of curried profunctor presentations is present in [SW17], the precise mathematical formulation

and the proof of correctness are novel to the best of our knowledge.

In Section 4, we turn towards the question of how exactly these two notions of profunctor presenta-

tion relate to each other. We begin by noting that there is an evident “uncurrying” functor from curried to

uncurried presentations which preserves the semantics and sends finite presentations to finite presentations

(Proposition 4.2). This, together with the fact that there are finitely uncurried presentable profunctors which

are not finitely curried presentable (Lemma 3.20), lets us conclude that finite uncurried presentations are

strictly more expressive than their curried counterparts. We then study the image of the uncurrying functor,

and in doing so we arrive at the concept of curryable profunctor presentations. In our second main theorem

(Theorem 4.12), we prove that the resulting category of curryable profunctor presentations is equivalent to

the category of curried presentations, and that this equivalence restricts to the respective full subcategories

of finite presentations. This shows that we can indeed replace finite curried presentations by finite curryable

presentations, which may be more convenient to work with.

Finally, in Section 5 we package our results on curried profunctor presentations into a double functor

L−M : Curr→ Prof of double categories, and show that by appropriately quotienting the domain of this

double functor, we obtain a double equivalence.

2 Category Presentations

In this section, we define category presentations together with their semantics via a functor L−M : CatPr→
Cat. This functor factors through an appropriate quotient CatPr≈ of CatPr and induces an equivalence

CatPr≈ ≃ Cat. We follow the terminology of algebraic theories (sorts, function symbols and signatures).

Definition 2.1. A category signature Σ consists of a set Sort(Σ), whose elements we call sorts, and a set

Fun(Σ), whose elements we call function symbols, along with two functions s, t : Fun(Σ)→ Sort(Σ), called

the source and target maps. We write f : c0→ c1 to denote that s( f ) = c0 and t( f ) = c1.

Given a category signature Σ and c,c′ ∈ Sort(Σ), a path in Σ from c to c′, denoted as p : c→ c′, consists

of a (possibly empty) finite, ordered list of function symbols p= ( f0, f1, . . . , fn−1), such that if it is nonempty

then s( f0) = c, t( fn−1) = c′ and t( fi) = s( fi+1) for all 0≤ i < n−1, and if it is empty we require c = c′. In

the first case we write p = f0. f1. · · · . fn−1 while in the second case we write p = 1c. Let Path(Σ)(c,c′) denote

the set of paths in Σ from c to c′ and Path(Σ) denote the set of all paths.

Given a category signature Σ, an equation over Σ consists of a pair (p0, p1) where p0, p1 : c→ c′ are

paths in Σ with the same source and target. We denote such an equation by p0 = p1 : c→ c′.
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A category presentation is a pair C = (CΣ,CE) of a category signature CΣ and a set CE of equations over

CΣ. We say that C is a finite category presentation if Sort(CΣ), Fun(CΣ) and CE are all finite sets.

Notation 2.2. If C = (CΣ,CE) is a category presentation, then we let Sort(C) := Sort(CΣ), Fun(C) :=
Fun(CΣ), and Path(C) := Path(CΣ). We write c ∈ C to mean that c ∈ Sort(C). Given c,c′ ∈ C, we write

Fun(C)(c,c′) to denote the subset of function symbols f of C with s( f ) = c and t( f ) = c′. We write p0 =C p1

to mean that the equation p0 = p1 belongs to CE . Since the equality symbol is taken up for equations in cat-

egory presentations, given two paths p and q we use the notation p ≡ q to indicate true (syntactic) equality.

We still use = for true equality of sorts and semantic objects.

Equations in a category presentation constitute axioms from which equivalence of paths may be deduced

by the rules of equational logic. This is captured by the following definition.

Definition 2.3. Given a category presentation C, define a relation ≈C on paths of C inductively2 by the

following inference rules:

1. For any equation p =C q, p≈C q.

2. For any path p, p≈C p.

3. If p≈C q, then q≈C p.

4. If p≈C q and q≈C r, then p≈C r.

5. For any C-function symbol f : c′→ c′′, if p≈C q : c→ c′, then p. f ≈C q. f .

6. For any C-function symbol f : c→ c′, if p≈C q : c′→ c′′, then f .p≈C f .q.

We call ≈C the C-provable equality relation on paths, and we say that p0 and p1 are C-provably equal

if p0 ≈C p1.

We now define morphisms between category presentations. These map function symbols to paths in a

way that sends equations (axioms) to provable equalities (equational theorems obtained from those axioms).

Definition 2.4. Given category signatures Σ and Σ′, a morphism F : Σ→ Σ′ of category signatures consists of

functions FSort : Sort(Σ)→ Sort(Σ′) and FFun : Fun(Σ)→ Path(Σ′), such that if f : c→ c′ is a function symbol

in Σ, then FFun( f ) : FSort(c)→ FSort(c
′). We refer to both FSort and FFun by F . We extend F to Path(Σ) by

setting F( f0. f1. · · · . fn−1) :≡ F( f0).F( f1). · · · .F( fn−1) and F(1c) :≡ 1F(c).

Given category presentations C and C′, a morphism F : C→C′ of category presentations is a morphism

F : CΣ →C′Σ of category signatures such that for each equation p0 =C p1, we have F(p0) ≈C′ F(p1). Let

CatPr denote the category of category presentations. Notice that the action of morphisms of category pre-

sentations on arbitrary paths is necessary for composition to be well defined.

We obtain a category out of a category presentation C by performing a quotient of the category freely

generated by CΣ according to CE . To that end we must first define congruences of categories.

Definition 2.5. Let C be a small category, and ∼ an equivalence relation on Mor(C). We say that ∼ is a

congruence on C if whenever f ∼ g, f and g share the same domain and codomain; and furthermore, if

f1 ∼ f2, g1 ∼ g2 and the composition g1 ◦ f1 exists, then g1 ◦ f1 ∼ g2 ◦ f2. If f is a morphism in C, then we

denote its ∼-equivalence class by [ f ].
If ∼ is a congruence on C, let C/∼ denote the small category whose objects are the same as C, whose

set of morphisms is Mor(C)/∼, and where we define 1c := [1c] and [g]◦ [ f ] := [g◦ f ]. We call it the quotient

category of C by ∼ and denote it by C/∼.

If R is a relation on Mor(C) such that whenever f Rg, f and g share the same domain and codomain, let

∼R be the smallest congruence that contains R. Then we define C/R := C/∼R, and we let pR : C→ (C/R)
denote the canonical projection functor.

2That is to say, there are no pairs (p,q) in ≈C other than what can be derived in finitely many steps with the rules 1-6.
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Lemma 2.6. Let C be a small category and R be a relation on Mor(C) such that whenever f Rg, f and g

share the same domain and codomain. Suppose that F : C→D is a functor with the property that if f and

g are morphisms in C such that f Rg, then F( f ) = F(g). Then there exists a unique functor F̃ : (C/R)→D

such that F̃ ◦ pR = F .

Lemma 2.7. Given a category presentation C, ≈C is the smallest congruence containing CE . In other words,

the relations ∼CE
and ≈C coincide.

Definition 2.8. Given a category signature Σ, let Free(Σ) denote the small category whose objects are the

sorts of Σ and whose homsets are given by Hom(c,c′) := Path(c,c′).
Given a category presentation C, let LCM := Free(CΣ)/CE = Free(CΣ)/ ≈C. We call LCM the category

presented by C. If p : c→ c′ is a C-path, then we let [p]∈ LCM(c,d) denote its corresponding ≈C-equivalence

class in LCM.

Although we are interested in general category presentations (together with instance and profunctor

presentations on them, as we will see in the subsequent sections), for examples and counterexamples we will

concentrate on the particular case in which category presentations have only one sort ∗, in which case we call

them monoid presentations. Much of the subtlety of the theory is already present in this class of examples,

and it frees us from having to keep track of sorts.

Example 2.9. Given a monoid presentation M, we write M = 〈Fun(M) |ME〉 following the usual notation

for e.g. group presentations. For instance, let M = 〈 f ,g | f .g = g. f 〉. Then LMM is the free commutative

monoid on two generators. Moreover, let F : M→M be defined by F( f ) :≡ f . f , G(g) :≡ f .g. This is a well

defined morphism of category presentations because F( f .g)≡ f . f . f .g≈M f .g. f . f ≡ F(g. f ).
We use the notation 〈Fun(M) | ∅〉 to denote monoid presentations with no equations, and 〈∅ | ∅〉 to

denote trivial monoid presentations, with no function symbols or equations. Notice that since this notation

omits the unique sort, it technically only defines a presentation up to unique isomorphism. We usually denote

the unique sorts as ∗ unless specified otherwise.

We have made use of congruences of categories in order to define the semantics of category presentations.

We will now use them a second time in order to define a quotient of the “bigger” category CatPr.

Lemma 2.10. Given a morphism F : C→C′ of category presentations, if p0 ≈C p1, then F(p0)≈C′ F(p1).

Definition 2.11. We say that two morphisms F,G : C→D of category presentations are provably equal, and

write F ≈ G, if and only if for each c ∈ Sort(C), the sorts F(c) and G(c) are equal and for each f ∈ Fun(C),
F( f ) ≈D G( f ). It is easily shown using Lemma 2.10 that the relation ≈ is a congruence on CatPr , so we

define CatPr≈ := CatPr/≈.

The construction L−M from Definition 2.8 extends to a functor L−M : CatPr→ Cat. This functor sends

provably equal morphisms to equal morphisms, so it induces a unique functor L̃−M : CatPr≈ → Cat by

Lemma 2.6. In what follows we will abuse notation and allow L−M to also denote L̃−M.

Proposition 2.12. The functor L−M : CatPr≈→ Cat described above is an equivalence of categories.

Proof sketch. Given a small category C, let Can(C) denote its canonical category presentation3 , whose sorts

are the objects of C, whose function symbols are the morphisms of C, and whose set of equations is the set

of pairs of paths in Can(C) whose compositions in C are equal. This construction can be shown to extend to

a functor Can : Cat→ CatPr≈ which is a quasi-inverse for L−M.

Note that CatPr is not equivalent to Cat, as the following example shows. On the contrary, equality of

morphisms in CatPr is a strict, purely syntactic notion.

Example 2.13. Let N := 〈s |∅〉 and M := 〈 f ,g | f .g = g. f 〉 denote monoid presentations. Let F,G : N→M

denote morphisms of category presentations defined by F(s) :≡ f .g and G(s) :≡ g. f . Now LFM([s]) = [ f .g] =
[g. f ] = LGM([s]), so LFM = LGM, but F 6= G as morphisms in CatPr, so L−M is not faithful.

3Also see [Sch+17, Remark 4.21] for a similar construction for algebraic theories.
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3 (Un)Curried Profunctor Presentations

In this section we introduce the notions of uncurried and curried profunctor presentations. First we recall the

definition of profunctors and profunctor composition.

Definition 3.1. Let 2 denote the category with two objects 0 and 1, and a single non-identity morphism

≤: 0→ 1. Given categories C and D, a profunctor P : C −7−→ D is a category P equipped with a functor

π : P→ 2, such that π−1(0) = C and π−1(1) = D. We say a morphism f in P is a cross-morphism if

π( f ) =≤. Given profunctors P,P′ : C −7−→ D a morphism of profunctors is a functor F : P→ P
′ which

restricts to the identity on C and D.4 Let Prof(C,D) denote the resulting category.

Remark 3.2. A profunctor P : C −7−→ D can equivalently be defined as a functor P : Cop×D → Set, see

[Sch+17, Example 2.19] and [Joy22]. Moreover, the Cartesian closure of Cat provides an equivalence

Prof(C,D) ≃ [Cop×D,Set] ≃ [Cop,SetD ] which allows us to think of a profunctor P also as a functor

P :Cop→ SetD . Each of these ways of thinking about profunctors suggests a different syntactic presentation.

Definition 3.3. Given profunctors P : C −7−→ D and Q : D −7−→ E, let P⊙Q : C −7−→ E denote the profunctor

defined objectwise by the coend

(P⊙Q)(c,e) =

∫ d∈D

P(c,d)×Q(d,e). (1)

We call this the composite profunctor of P and Q.

We now give a concrete description of the sets (P⊙Q)(c,e), for c ∈ C and e ∈ E, which we will take

as our concrete definition of (P⊙Q). Let ≃0 denote the relation on ∑d∈DP(c,d)×Q(d,e) defined by

(p,Q(g,1)(q′))≃0 (P(1,g)(p),q′) for all morphisms g : d→ d′ in D, p ∈P(c,d), and q′ ∈ Q(d′,e).
Let ≃ denote the smallest equivalence relation containing ≃0. Then we set

(P⊙Q)(c,e) =

(

∑
d∈D

P(c,d)×Q(d,e)

)
/≃. (2)

We let 〈p,q〉 denote the equivalence class of the pair (p,q) with p∈P(c,d) and q∈Q(d,e). If f : c′→ c

and h : e→ e′ are morphisms in C and E respectively, then (P⊙Q)( f ,h)(〈p,q〉) = 〈P( f ,1)(p),Q(1,h)(q)〉.
It is not hard to show that⊙ defines a weakly associative and weakly unital5 composition operation. This

allows us to think of profunctors as the horizontal arrows of a double category. We will explore this idea

more fully in Section 5.

3.1 Uncurried Profunctor Presentations

Definition 3.4. Given category signatures Σ0 and Σ1, an uncurried profunctor signature Π from Σ0 to Σ1

consists of a set Fun(Π) whose elements we call profunctor function symbols, along with two functions

s : Fun(Π)→ Sort(Σ0), t : Fun(Π)→ Sort(Σ1). For x∈ Fun(Π), we write x : c→ d to mean that s(x) = c and

t(x) = d. We define the category signature |Π| associated to Π by setting Sort(|Π|) := Sort(Σ0)+Sort(Σ1),
and Fun(|Π|) := Fun(Σ0)+Fun(Π)+Fun(Σ1).

Given a path p : c→ d in |Π|, we say p is a cross-path if c ∈ Sort(Σ0) and d ∈ Sort(Σ1). Let CPath(Π)
denote the set of cross-paths of Π. By an uncurried profunctor equation on Π, we mean an equation

p = q : c→ d between cross-paths p : c→ d and q : c→ d of Π. Given category presentations C and D, a

(C,D)-uncurried profunctor presentation P is a pair P = (PΠ,PE) consisting of an uncurried profunctor

4There is a more general notion of morphism between possibly non-parallel profunctors, obtained from identifying profunctors

with the category Cat/2 of small categories over 2. We postpone discussion of this notion of morphism to Section 5.
5The unit profunctor on a category C is given by the Hom functor HomC : Cop×C→ Set.
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signature PΠ from CΣ to DΣ and a set PE of uncurried profunctor equations over PΠ. Let Fun(P) := Fun(PΠ),
and CPath(P) :=CPath(PΠ). We define the associated category presentation |P| by |P|Σ := |PΠ| and |P|E :=
CE +PE +DE . We write p =P q to mean that p = q is an equation in PE . We define the relation ≈P as the

restriction of ≈|P| to CPath(P). (See Lemma B.1 for an inductive characterization of ≈P.)

Definition 3.5. Given uncurried profunctor presentations P,P′ : C−7−→D, a morphism of uncurried profunc-

tor presentations F : P→P′ is a function F : Fun(PΠ)→CPath(P′Π) such that if p : c→ d, then F(p) : c→ d,

and such that |F| : |P| → |P′| is a morphism of category presentations, where |F| : |P| → |P′| is the extension

of F to |P| acting as the identity on C and D. We extend F to cross-paths by F(p) :≡ |F |(p) (using Definition

2.4). We say that two such morphisms F and F ′ are provably equal, and write F ≈ F ′, if |F| ≈ |F ′|.
Let UnCurr(C,D) denote the category of uncurried profunctor presentations from C to D, where the

composition G◦F of morphisms F : P→P′ and G : P′→P′′ is defined as the function Fun(PΠ)→CPath(P′′Π)
given by p 7→ |G|(F(p)). Let FinUnCurr(C,D) denote the corresponding full subcategory of finite uncurried

profunctor presentations, and let UnCurr≈(C,D) := UnCurr(C,D)/≈.

Definition 3.6. Given an uncurried profunctor presentation P : C −7−→ D, we let LPM denote the profunctor

L|P|M, with π : L|P|M→ 2 sending all sorts of C to 0 and all sorts of D to 1. This construction extends to a

functor L−M : UnCurr(C,D)→ Prof(C,D) for all C and D.

The following result can be proved using a similar argument as in the proof of Proposition 2.12.

Proposition 3.7. For all category presentations C and D, the induced functor L−M : UnCurr≈(C,D) →
Prof(C,D) is an equivalence.

Definition 3.8. Given category presentations C and D, we say that a profunctor P : LCM−7−→ LDM is finitely un-

curried presentable if there exists a finite uncurried profunctor presentation P : C −7−→D and an isomorphism

P∼= LPM in Prof(LCM,LDM).

Uncurried profunctor presentations are natural from the point of view of profunctors as categories over

2. However, if we restrict to finite presentations, then they are not suitable for presenting profunctor compo-

sition, as the following result illustrates.

Proposition 3.9. The class of finitely uncurried presentable profunctors is not closed under composition.

Proof. Consider monoid presentations C = 〈∅ | ∅〉, D = 〈 f | ∅〉 and E = 〈∅ |∅〉. For clarity, we refer to

their unique sorts by c,d and e, respectively. Let P : C −7−→ D be the uncurried profunctor presentation with

one profunctor function symbol p : c→ d and no equations, and let Q : D −7−→ E be the uncurried profunctor

presentation with one profunctor function symbol q : d→ e. Then (LPM⊙LQM)(c,e) = {[p. f n.q] | n≥ 0} is an

infinite set. Now suppose that R : C −7−→ E is an uncurried profunctor presentation such that LRM∼= LPM⊙ LQM.
Then in particular LRM(c,e) ∼= (LPM⊙ LQM)(c,e) is infinite. But C and E have no function symbols, which

implies that R must have infinitely many profunctor function symbols.

Proposition 3.9 poses a fundamental problem for the development of computational categorical algebra.

Curried profunctor presentations, which we introduce later in this section, do not share this deficiency. In

order to define them, though, we first introduce instance presentations.

3.2 Instance Presentations

Notation 3.10. Given a category C, we will refer to a functor I :C→ Set as an instance on C, or C-instance.

We also write C9Inst := SetC.

An instance C→ Set is equivalently a functor I : 1op×C→ Set, i.e. a profunctor I : 1−7−→C. This allows

us to define instance presentations as a particular case of uncurried profunctor presentations.
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Definition 3.11. Let 1 be the category presentation with a single sort ∗ and no function symbols or equations.

Given a category presentation C, a C-instance signature is an uncurried profunctor signature from 1 to

C, and a C-instance presentation is an uncurried profunctor presentation from 1 to C. Let C9InstPr :=
UnCurr(1,C) and C9InstPr≈ := UnCurr≈(1,C).

Notice that the semantics of a C-instance presentation I is a functor LIM : L1Mop × LCM → Set. Since

L1Mop ∼= 1, it is equivalently a LCM-instance LIM : LCM→ Set.

Notation 3.12. Given a C-instance presentation I, we call the profunctor function symbols of I generators,

writing Gen(I) := Fun(I), and we call cross-paths of I terms, writing Term(I) := CPath(I). Note that |I|E =
IE +CE . Since there is only one sort in 1, we abbreviate (x : ∗ → c) ∈ Gen(I) to (x : c) ∈ Gen(I), to be read

as “x is a term in I of type c”. As in Definition 3.5, F also acts on terms by F(t) :≡ |F|(t).

Example 3.13. Given a monoid presentation M, we refer to a M-instance presentation I as a M-action pre-

sentation, and we write I = 〈Gen(I) | IE〉M. For example, let N = 〈s |∅〉 be a presentation for the free monoid

on one generator, i.e LNM ≃ N. Then I = 〈x,y | x.s = x〉N presents the set LIM(∗) = {[x], [y], [y.s], [y.s.s], . . . }
together with the LNM-action LIM(s)([y.sk ]) = [y.sk] · s := [y.sk+1] and [x] · s := [x]. This can be identified with

the set N⊔{∞} and the N-action n · s := n+1 and ∞ · s := ∞.

Remark 3.14. A profunctor P : C −7−→D can be equivalently be thought of as a functor P : Cop×D→ Set.

This could be thought to give rise to a different notion of presentation: indeed, it is possible to define

an involution C 7→Cop and an operation (C,D) 7→ C×D in CatPr such that one may define a profunctor

presentation as a (Cop×D)-instance presentation. However, (Cop×D)-instance presentations turn out to be

equivalent to (C,D)-uncurried profunctor presentations.

In contrast, if we use the Cartesian closure of Cat to think of a profunctor P : C −7−→ D as a functor

P : Cop → D9Inst, it becomes intuitive to define a profunctor presentation P : C −7−→ D as a diagram of D-

instance presentations, i.e. a family of D-instance presentations and morphisms between them indexed by the

sorts and function symbols of C. We will show that in this case the resulting notion turns out to have starkly

different properties. This might be surprising since the equivalence of categories Prof(C,D)≃ [Cop,D9Inst]
is widely used throughout the categorical literature, often without mention.

3.3 Curried Profunctor Presentations

Definition 3.15. Given category presentations C and D, a curried profunctor presentation P : C −7−→ D

consists of an assignment of a D-instance presentation P(c) to every sort c ∈C, and an assignment of a D-

instance presentation morphism P( f ) : P(c′)→ P(c) to every function symbol ( f : c→ c′) ∈ Fun(C), such

that for each equation p =C p′ we have P(p) ≈ P(p′), where P(p) is defined as P(p) := P(pn) ◦ · · · ◦P(p1)
for p≡ p1. · · · .pn. We say P : C −7−→ D is finite if C and D are finite and P(c) is finite for all c.

Example 3.16. Given monoid presentations M and N, we refer to an (un)curried profunctor presentation P :

M −7−→ N as a (un)curried (M,N)-bimodule presentation. For example, consider the previously introduced

monoid presentations M = 〈 f ,g | f .g= g. f 〉 and N = 〈s |∅〉. Then a curried (M,N)-bimodule presentation is

given by a choice of an N-action presentation P(∗) together with endomorphisms P( f ),P(g) : P(∗)→ P(∗)
such that P(g)◦P( f ) ≈ P( f )◦P(g). Let P(∗) be the N-action presentation of Example 3.13, P(∗) := 〈x,y |
x.s = x〉N . As for the endomorphisms, not only must they commute (up to provable equality), but they must

also respect the fact that x is a fixed point (up to provable equality) of the action. This means that they

must both send x to a term provably equal to x. The reader may check that a valid choice is as follows:

P( f )(x) :≡ P(g)(x) :≡ x, P( f )(y) :≡ y.s and P(g)(y) :≡ y.s.s.

Since curried profunctor presentations are essentially diagrams of instance presentations, morphisms

between them can be thought of as presentations of natural transformations.
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Definition 3.17. Given curried profunctor presentations P,P′ : C −7−→ D, a morphism of curried profunctor

presentations F : P→ P′ consists of a collection of D-instance presentation morphisms Fc : P(c)→ P′(c),
indexed by the sorts c of C, such that for each function symbol f : c→ c′ in C, the following diagram

commutes up to provable equality:

P(c′) P′(c′)

P(c) P′(c)

Fc′

P( f ) P′( f )

Fc

≈ (3)

It follows that (3) still commutes when f is a path, by induction on f ; thus these morphisms can be composed

in the natural way. Let Curr(C,D) denote the category of curried profunctor presentations from C to D, and

if C and D are finite, let FinCurr(C,D) denote the full subcategory of finite curried profunctor presentations.

Given P,P′ : C −7−→ D, we say that two curried profunctor presentation morphisms F,G : P→ P′ are prov-

ably equal, and write F ≈G, if Fc ≈ Gc for each c ∈C.

Definition 3.18. Given a curried profunctor presentation P : C−7−→D, let LPM denote the functor LPM : LCMop→
LDM9Inst given by LPM(c) := LP(c)M for each c ∈ LCM and LPM([ f ]) := LP( fn)M ◦ · · · ◦ LP( f1)M for each mor-

phism [ f ] = [ f1. · · · . fn] in LCM. Notice that well definition follows from the definition of curried profunc-

tor presentation. Moreover, LPM thus defined is equivalently a profunctor LPM : LCMop × LDM → Set with

LPM(c,d) = LP(c)M(d). It is easy to see that this extends to a functor L−M : Curr(C,D)→ Prof(LCM,LDM).

We say a profunctor P : LCM −7−→ LDM is finitely curried presentable if there exists a finite curried pro-

functor presentation P : C −7−→ D such that LPM∼=P.

Remark 3.19. A curried profunctor presentation P : C−7−→D does not determine a functor LCMop→D9InstPr.

That would require the diagram (3) to commute strictly, rather than up to provable equality. Now P does

determine a functor P : LCMop → D9InstPr≈, but the converse is not true, because the morphisms P( f ) are

actual data, rather than equivalence classes of such data.

Given a category C and a congruence ∼ on C, we can also consider the pair (C,∼) as a bicategory where

given morphisms f ,g in C, there is a unique 2-morphism f ⇒ g if and only if f ∼ g. From these considera-

tions we find that P is equivalent to a pseudofunctor LCMop→ (D9InstPr,≈). We leave the development of

this observation to future work.

It is not hard to show that every profunctor can be presented by an uncurried profunctor presentation or a

curried profunctor presentation, using ideas similar to the proof of Proposition 2.12. However, if we restrict

to finite uncurried and curried profunctor presentations, then the situation is very different, as the following

result shows.

Lemma 3.20. There exist profunctors that are finitely uncurried presentable but not finitely curried pre-

sentable.

Proof. As in the proof of Prop. 3.9, let D = 〈 f | ∅〉 and E = 〈∅ | ∅〉 denote monoid presentations with

unique sorts d and e respectively, and let Q : D −7−→ E be the uncurried bimodule presentation given by

Fun(Q) = {q : d → e} and no equations. Then LQM(d,e) = {[p], [ f .p], [ f . f .p], . . . } is an infinite set, and

LQM( f )([ f n.p]) = [ f n+1.p]. If Q′ : D −7−→ E is a curried bimodule presentation for LQM, then Q′(d) must be a

E-instance presentation such that LQ′(d)M(e) ∼= LQM(d,e). This implies that Q′(d) has infinitely many terms.

Since E has no function symbols, Q′(d) must have infinitely many generators. Thus it cannot be a finite

curried bimodule presentation.

Lemma 3.20 will also follow immediately from Proposition 3.9 and Theorem 3.26. Indeed, since LPM in

Proposition 3.9 is finitely curried presentable and LPM⊙LQM is not, LQM cannot be finitely curried presentable.
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Definition 3.21. Given category presentations C, D, and E , curried profunctor presentations P : C −7−→ D and

Q : D−7−→ E , and a sort c∈C, let (P⊛Q)(c)Π denote the E-instance signature whose set of generators consists

of pairs of generators (p : d) ∈ Gen(P(c)) and (q : e) ∈ Gen(Q(d)), which we write as (p⊗q : e). We now

extend the operation ⊗ to accept a pair (s, t) of terms with (s : d) ∈ Term(P(c)), (t : e) ∈ Term(Q(d)) and

return a term in (P⊛Q)(c). Firstly, if (p : d) ∈ Gen(P(c)) and (t ≡ q.h : e) ∈ Term(Q(d)), where q is a

generator of Q(d) and h is a path in E , then set p⊗ t :≡ (p⊗q).h. Secondly, if (s ≡ p.g : d) ∈ Term(P(c))
and (t : e) ∈ Term(Q(d)), then set s⊗ t :≡ p⊗Q(g)(t).

Let (P⊛Q)(c) be the E-instance presentation with signature (P⊛Q)(c)Π and set of equations (P⊛

Q)(c)E consisting of equations of the form

• (s⊗q =(P⊛Q)(c) s′⊗q), where (s =P(c) s′ : d) and (q : e) ∈Gen(P(d)), or

• (p⊗ t =(P⊛Q)(c) p⊗ t ′), where (p : d) ∈Gen(P(c)) and (t =Q(d) t ′ : e).

Lemma 3.22. Given curried profunctor presentations P : C −7−→ D and Q : D −7−→ E , the operation ⊗ respects

provable equality. In other words, if (s≈P(c) s′ : d) and (t ≈Q(d) t ′ : e), then (s⊗ t ≈(P⊛Q)(c) s′⊗ t ′ : e).

Definition 3.23. Given curried profunctor presentations P : C −7−→ D and Q : D −7−→ E as above, we define

a curried profunctor presentation P ⊛ Q as follows. We have already defined an E-instance (P ⊛ Q)(c)
for each c ∈ Sort(C) in Definition 3.21. Given a function symbol f : c→ c′ in C, we define a function

(P⊛Q)( f ) : Gen((P⊛Q)(c′))→ Term((P⊛Q)(c)) by setting (P⊛Q)( f )(p⊗q) :≡ P( f )(p)⊗q.

Lemma 3.24. Given a C-function symbol f : c→ c′ in C, the function (P⊛Q)( f ) is a morphism of E-

instances. Furthermore P⊛Q is a well-defined curried profunctor presentation from C to E .

Lemma 3.25. The assignment (P,Q) 7→ P⊛Q defines a functor

⊛ : Curr(C,D)×Curr(D,E)→ Curr(C,E).

Now that we have seen that the composition operation ⊛ is well defined, we now show that its semantics

are given by ⊙. From the algorithmic point of view, this provides a proof of correctness of the composition

algorithm given implicitly by ⊛.

Theorem 3.26. Given curried profunctor presentations P : C −7−→ D and Q : D−7−→ E , there is an isomorphism

µP,Q : LPM⊙ LQM→ LP⊛QM

of profunctors, natural in P and Q. Furthermore, if P : C −7−→ D and Q : D −7−→ E are finite curried profunctor

presentations, then P⊛Q is a finite curried profunctor presentation. In particular, composition of profunctors

preserves finite curried presentability.

Notice that we can extract an algorithm for computing the composition of two finite curried profunctor

presentations by inspection of Definition 3.23. In this sense, Theorem 3.26 proves the correctness of this

algorithm with respect to the semantics.

Example 3.27. Here we give an example of curried profunctor presentation composition. Recall the (M,N)-
bimodule presentation P : M −7−→ N from Example 3.16. Now let O be the monoid presentation O = 〈t | ∅〉
and let Q : N −7−→ O be the (N,O)-bimodule presentation Q(∗) = 〈q | q.t.t = q.t〉O with Q(s)(q) :≡ q.t. Then

the composite presentation (P⊛Q) : M −7−→ O is given by

(P⊛Q)(∗) = 〈x⊗q, y⊗q | (x⊗q).t.t = (x⊗q).t, (y⊗q).t.t = (y⊗q).t, (x⊗q).t = x⊗q〉O

with

• (P⊛Q)( f )(x⊗q)≡ P( f )(x)⊗q≡ x⊗q,

• (P⊛Q)( f )(y⊗q)≡ P( f )(y)⊗q≡ y.s⊗q≡ y⊗Q(s)(q)≡ (y⊗q).t,
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• (P⊛Q)(g)(x⊗q)≡ P(g)(x)⊗q≡ x⊗q, and

• (P⊛Q)(g)(y⊗q)≡ P(g)(y)⊗q≡ y.s.s⊗q≡ y⊗Q(s.s)(q) ≡ (y⊗q).t.t.

In turn, P⊛Q presents the profunctor given by

LP⊛QM(∗,∗) = {[x⊗q], [y⊗q], [(y⊗q).t]}

LP⊛QM([ f ],1) = LP⊛QM([g],1) : [x⊗q] 7→ [x⊗q], [y⊗q] 7→ [y⊗q.t], [y⊗q.t] 7→ [y⊗q.t]

LP⊛QM(1, [t]) : [x⊗q] 7→ [x⊗q], [y⊗q] 7→ [y⊗q.t], [y⊗q.t] 7→ [y⊗q.t]

Notice that P⊛ Q is not a minimal presentation for LP ⊛ QM, e.g. the equation (x⊗ q).t.t = (x⊗ q).t is

redundant.

4 Curryable Profunctor Presentations

As we have seen, finite curried profunctor presentations, unlike uncurried presentations, admit composition.

However, the definition of Curr(C,D) is more involved than that of UnCurr(C,D). It is therefore desir-

able to find some subclass of uncurried profunctor presentations which behaves likes the class of curried

presentations.

Definition 4.1. Given a curried profunctor presentation P : C −7−→ D, let P denote the uncurried profunctor

presentation defined as follows. Let Fun(P) := {p | c ∈ C, p ∈ Gen(P(c))}, with typing (p : c→ d) for

(p : d) ∈ Gen(P(c)). This induces a function (−) : Term(P(c))→ CPath(P) for every c ∈ C, by setting

p.g ≡ p.g for every generator p and D-path g. Let PE := {t = t ′ | c ∈C, t =P(c) t ′}+ { f .p = P( f )(p) | ( f :

c→ c′) ∈ Fun(C), p ∈ Gen(P(c′))}. Given a morphism F : P→ Q of curried profunctor presentations, we

define F : P→ Q by setting F(p) :≡ Fc(p).

Proposition 4.2. Given category presentations C and D, the construction given in Definition 4.1 defines a

functor (−) : Curr(C,D)→ UnCurr(C,D) which preserves provable equality of morphisms and makes the

following diagram commute up to isomorphism

Curr(C,D) UnCurr(C,D)

Prof(LCM,LDM)
L−M L−M

(−)

Furthermore, (−) restricts to a functor (−) : FinCurr(C,D)→ FinUnCurr(C,D).

Remark 4.3. By Definition 4.1 and Lemma 3.20, we conclude that the class of finitely curried presentable

profunctors is a proper subclass of the class of finitely uncurried presentable profunctors.

Lemma 4.4. Let P : C −7−→ D be a curried profunctor presentation, and let f : c′ → c be a C-path and t ∈
Term(P(c)). Then

f .t ≈P P( f )(t).

We can begin to address our current goal by characterizing the image of the functor (−) : Curr(C,D)→
UnCurr(C,D).

Definition 4.5. Let P : C −7−→D be an uncurried profunctor presentation. By a short left cross-path for short,

we mean a path in P of the form f .p : c→ d, where f : c→ c′ is a function symbol in C and (p : c′→ d) ∈
Fun(P). By a right cross-path, we mean a path in P of the form p.g : c→ d′ where (p : c→ d) ∈ Fun(P)
and g : d→ d′ is a path in D.
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Definition 4.6. Given an uncurried profunctor presentation P :C−7−→D, and c∈C, let Pc denote the D-instance

presentation with Gen(Pc) = {(p : d) | p : c→ d ∈ Fun(P)} and Pc
E = {(r = r′) ∈ PE | s(r) = c}.

Definition 4.7. Given an uncurried profunctor presentation P : C −7−→ D, we say that P is nongenerative if

for every short left cross-path l in P, there exists a right cross-path r such that l ≈P r. We say that P is

conservative6 if whenever t and t ′ are right cross-paths such that t ≈P t ′ we also have t ≈Pc t ′.

Lemma 4.8. Let P : C −7−→D be a nongenerative uncurried profunctor presentation. Then for every cross-path

t of P there exists a right cross-path r such that t ≈P r.

Definition 4.9. Given profunctors P,P′ : C −7−→ D and a morphism F : P→ P
′, we say that F is full on

cross-morphisms if for all c ∈ C and d ∈D, the function F(c,d) : P(c,d)→P
′(Fc,Fd) is surjective.

Lemma 4.10. Given an uncurried profunctor presentation P : C −7−→ D, for every c ∈C, there is an obvious

inclusion functor7 ιc : LPcM→ LPM. Thus P is nongenerative if and only if for every c ∈ C, ιc is full on

cross-morphisms. Similarly P is conservative if and only if for every c ∈C, ιc is faithful.

Definition 4.11. We call an uncurried presentation that is both nongenerative and conservative a curryable

profunctor presentation. We say that a morphism F : P→ P′ of uncurried profunctor presentations is right-

ward if it sends profunctor function symbols p ∈ Fun(P) to right cross-paths in P′. Given category pre-

sentations C and D, let Crble(C,D) denote the subcategory of UnCurr(C,D) whose objects are curryable

profunctor presentations and whose morphisms are rightward morphisms. Let FinCrble(C,D) denote the

full subcategory on the finite curryable profunctor presentations.

Our particular definition of Crble(C,D) is motivated by the following result.

Theorem 4.12. Given category presentations C and D, the functor (−) : Curr(C,D) → UnCurr(C,D)
takes values in curryable profunctor presentations and rightward morphisms. Furthermore the corestric-

tions (−) : Curr(C,D)→ Crble(C,D) and (−) : FinCurr(C,D) → FinCrble(C,D) are equivalences of

categories which preserve and reflect provable equality.

Corollary 4.13. The class of profunctors which admit finite curryable profunctor presentations is closed

under composition.

Conservativity is a necessary condition for Corollary 4.13 to hold, as the following result shows.

Proposition 4.14. There exist finite nongenerative uncurried profunctor presentations P :C−7−→D and Q : D−7−→
E between finite category presentations such that LPM⊙ LQM does not admit a finite uncurried presentation.

Remark 4.15. We can revisit Example 3.27 replacing curried profunctor presentations P and Q for their

uncurried counterparts P and Q. We can then visualize the overall situation as follows:

f .g = g. f

f .y = y.s

f .x = g.x = x

x.s = x

g.y = y.s.s

q.t.t = q.t

s.q = q.t

• • •

• •

g

f

x

y

q

s t

g

f

x⊗q

y⊗q

t

(x⊗q).t.t = (x⊗q).t

(y⊗q).t.t = (y⊗q).t

(x⊗q).t = x⊗q

f .(x⊗q) = x⊗q

f .(y⊗q) = (y⊗q).t

g.(x⊗q) = x⊗q

g.(y⊗q) = (y⊗q).t

The diagram on top, together with the equations on the left, represents the situation before computing

the composite, i.e. P and Q drawn together. Meanwhile, the bottom diagram together with the equations

on the right represents P⊛Q. This perspective on composition of profunctor presentations, using curryable

presentations, has the benefit of being more easily visualized.

6The name comes from the fact that a conservative presentation P : C −7−→ D is a conservative extension of each of the Pc, when

we consider P and Pc as algebraic theories. See [SW17, Section 4.1].
7Where here we think of LPcM as a profunctor LPcM : ∗ −7−→ D.
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Remark 4.16. We have chosen to present a result on a category of curryable profunctor presentations from C

to D which is equivalent to Curr(C,D). However, other options are possible, depending on the motivation.

From a theoretical perspective, we may find the restriction to rightward morphisms undesirable, since it

makes Crble(C,D) a non-full subcategory of Curr(C,D). We can solve this by relaxing our notion of equiv-

alence. If we now consider Crble(C,D) to be the full subcategory of UnCurr(C,D) spanned by curryable

presentations, then (−) : Curr(C,D)→ Crble(C,D) is no longer an equivalence, but is a biequivalence be-

tween bicategories (considering provable equalities as 2-morphisms as in Remark 3.19) which restricts to a

biequivalence between the corresponding full sub-bicategories of finite presentations.8

Alternatively, from the point of view of implementation we may be interested in being able to replace

curried presentations by uncurried presentations through a bijective correspondence. In this case we could

then strengthen nongenerativity to require that all equations are either between right cross-paths or between

a short left cross-path and a right cross-path, and every short left cross-path appears in some equation exactly

once. Using this notion of nongenerativity, the functor (−) : Curr(C,D)→ Crble(C,D) actually becomes

an isomorphism of categories, which again restricts to an isomorphism between the corresponding full sub-

categories of finite presentations.

5 The Double Category of Curried Profunctor Presentations

A natural categorical structure to think about profunctors is that of double categories.9 The double category

Prof packages together the morphisms between profunctors and the composition operation of profunctors.

Analogously, curried profunctor presentations can also be arranged in this way together with ⊛ into a double

category Curr.

Theorem 5.1. There exists a double category Curr such that the objects are category presentations and the

horizontal morphisms are curried profunctor presentations.

The double category Curr organizes the composition of curried profunctor presentations and their trans-

formations in a way that mimics the structure of Prof. The isomorphism of Theorem 3.26 is now packaged

into a double functor between these double categories.

Theorem 5.2. The construction L−M on curried profunctor presentations defines a double functor L−M :

Curr→ Prof.

Analogously to the case of Curr(C,D), we can quotient Curr by an appropriate congruence of double

categories induced by the provable equality relation.

Proposition 5.3. The congruences ≈ on Curr and CatPres comprise a double congruence on Curr. Define

Curr≈ by quotienting Curr by ≈, as in Def. D.4. The semantics double functor L−M induces a double

equivalence L−M : Curr≈→ Prof.

We can also express the fact that composition of curried profunctor presentations preserves finiteness as

the existence of a double subcategory FinCurr⊆ Curr.

In future work we plan to study syntactic objects using double categories equipped with double congru-

ences as extra structure in a way analogous to Remark 3.19, but in this case leading to a three-dimensional

structure. We believe that this could constitute a general framework for reasoning about presentations of

proarrows in double categories.

8Our original functor (−) : Curr(C,D)→ Uncurr(C,D) is already a biequivalence in this way, but it does not restrict to a

biequivalence between the full sub-bicategories of finite presentations.
9By a double category, we mean what is sometimes called a weak or pseudo double category in the literature [Fer06; Fio07].

Namely we consider horizontal arrow composition to be weakly unital and associative, in contrast to strict double categories [JY20,

Explanation 12.3.1]
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A Proofs for Section 2 (Category Presentations)

We repeat here, for ease of reference, the definition of provable equality.

Definition 2.3. Given a category presentation C, define a relation ≈C on paths of C inductively10 by the

following inference rules:

1. For any equation p =C q, p≈C q.

2. For any path p, p≈C p.

3. If p≈C q, then q≈C p.

4. If p≈C q and q≈C r, then p≈C r.

5. For any C-function symbol f : c′→ c′′, if p≈C q : c→ c′, then p. f ≈C q. f .

6. For any C-function symbol f : c→ c′, if p≈C q : c′→ c′′, then f .p≈C f .q.

We call ≈C the C-provable equality relation on paths, and we say that p0 and p1 are C-provably equal

if p0 ≈C p1.

Remark A.1. Frequently we will use structural induction on the rules 1-6 in Definition 2.3 to prove state-

ments of the form “for all paths p and q, if p ≈C q, then P(p,q)” where P(p,q) is some property of p and

q. To write such a proof, we simply need to show that for every inference rule, if the pairs of paths in the

antecedent satisfy P, then the pair of paths in the conclusion satisfies P as well. For example, for rule 6,

we would show that for all parallel C-paths p and q and C-function symbols f composable with p and q, if

p≈C q and P(p,q), then P( f .p, f .q).

Notice that if the property P(p,q) is itself an equivalence relation, then the verifications corresponding

to rules 2-4 are satisfied automatically.

Lemma 2.7. Given a category presentation C, ≈C is the smallest congruence containing CE . In other words,

the relations ∼CE
and ≈C coincide.

Proof. By rule 1, ≈C contains CE , while by rules 2, 3, and 4, ≈C is an equivalence relation. To establish that

≈C is a congruence it remains to prove that p ≈C q implies p and q have the same domain and codomain

(which follows straightforwardly by induction) and that ≈C is preserved by composition. To this end, we

extend rules 5 and 6 to the case where f is a path, this time by induction on f . Then whenever f1 ≈C f2 and

g1 ≈C g2 and the composition f1.g1 exists, we have f1.g1 ≈C f1.g2 and f1.g2 ≈C f2.g2; then we conclude

f1.g1≈ f2.g2 by rule 4. Now let≈ be a congruence containing CE . A straightforward application of induction

proves that p≈C q implies p≈ q. So ≈C is the smallest congruence containing CE .

Lemma 2.10. Given a morphism F : C→C′ of category presentations, if p0 ≈C p1, then F(p0)≈C′ F(p1).

Proof. Straightforward induction, see Rem. A.1.

B Proofs for Section 3 ((Un)Curried Profunctor Presentations)

For the subsequent proofs of this section and the next, we must prove many statements of the form s ≈P

t⇒ A(s, t) for terms s and t in a (C,D)-uncurried profunctor presentation P, and where A(s, t) is a statement

involving s and t. We could attempt to do this by proving s ≈|P| t ⇒ A(s, t) by induction, but this would

require us to extend A(s, t) to arbitrary paths s and t which are not necessarily cross-paths. The following

result provides a useful inductive characterization for ≈P in its own right.

10That is to say, there are no pairs (p,q) in ≈C other than what can be derived in finitely many steps with the rules 1-6.
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Lemma B.1. Given a (C,D)-uncurried profunctor presentation P, the relation ≈P coincides with the relation

∼ on cross-paths of P defined inductively by the following inference rules:

1. For any equation s =P t, s∼ t.

2. For any cross-path t of P, t ∼ t.

3. If s∼ t, then t ∼ s.

4. If r ∼ s and s∼ t, then r ∼ t.

5. For any (g : d→ d′) ∈ Fun(D) and cross-paths s, t : c→ d, if s∼ t, then s.g∼ t.g.

6. For any ( f : c′→ c) ∈ Fun(C) and cross-paths s, t : c→ d, if s∼ t, then f .s∼ f .t.

7. If t : c→ d is a cross-path of P and g =D g′ : d→ d′, then t.g∼ t.g′.

8. If t : c→ d is a cross-path of P and f =C f ′ : c′→ c, then f .t ∼ f ′.t.

Proof. A straightforward induction on the structure of ∼ (analogous to Remark A.1) shows that ∼ is con-

tained in ≈|P|, and hence in ≈P. To show the converse, let us show that if s ≈|P| t, then either s and t are

C-paths and s ≈C t, s and t are D-paths and s ≈D t, or s and t are cross-paths of I and s ∼ t. Let A(s, t) =
“either s and t are C-paths and s≈C t, s and t are D-paths and s≈D t, or s and t are cross-paths of I and s∼ t”.

Now we will prove that s≈|P| t implies A(s, t) by induction on ≈|P|, given by Definition 2.3. If s =|P| t, then

either s =C t if they are C-paths, s =D t if they are D-paths, or s =P t if they are cross-paths, thus A(s, t) holds.

Since A is an equivalence relation, rules 2-4 preserve A (see Remark A.1).

For rule 5 of Definition 2.3, suppose that f : p′→ p′′ and s, t : p→ p′ are |P|-paths such that s≈|P| t and

A(s, t). If p′′ is a sort of C, then clearly s. f ≈C t. f and A(s. f , t. f ) holds. If p is a sort of D, then clearly

s. f ≈D t. f and A(s. f , t. f ) holds. If p is a sort of C and p′ and p′′ are sorts of D, then s and t are cross-paths

and s ∼ t. Thus it follows that s. f ∼ t. f by rule 5 above, hence A(s. f , t. f ). Finally, we consider the case

where p and p′ are sorts of C and p′′ is a sort of D. In this case we have s ≈C t and f is a cross-path. We

show that s. f ∼ t. f , and hence A(s. f , t. f ), by a nested induction on s≈C t. More specifically, we show that

whenever s≈C t : c′→ c, B(s, t) holds, where B(s, t) := “for all cross-paths f : c→ d we have s. f ∼ t. f ”. If

s =C t, then s. f ∼ t. f follows for all cross-paths f by rule 8 above. Clearly B is an equivalence relation, so

the verifications for rules 2-4 of Def. 2.3 are automatic. For rule 5 of Def. 2.3, we assume that B(s, t) holds

for s, t : c′′→ c′ with s ≈C t and we let (u : c′→ c) ∈ Fun(C). Then for any cross-path f : c→ d, we obtain

s.u. f ∼ t.u. f by instantiating B on the cross-path u. f . For rule 6 of Def. 2.3, we assume that B(s, t) holds

for s, t : c′→ c with s ≈C t and we let (u : c′′→ c′) ∈ Fun(C). Then for any cross-path f : c→ d we obtain

u.s. f ∼ u.t. f by applying rule 6 above to the instantiation of B(s, t) at f .

The verification of rule 6 of Def. 2.3 is dual to the verification of rule 5 that we have just completed.

The following lemma follows immediately as an important special case of Lemma B.1.

Lemma B.2. Given a C-instance presentation I, the relation ≈I coincides with the relation ∼ on terms of I

defined inductively by the following inference rules:

1. For any equation s =I t, s∼ t.

2. For any term t of I, t ∼ t.

3. If s∼ t, then t ∼ s.

4. If r ∼ s and s∼ t, then r ∼ t.

5. For any C-function symbol f : c→ d and terms (s, t : c), if s∼ t, then s. f ∼ t. f : d.

6. If t : c is a term of I and (p =C q : c→ d), then t.p∼ t.q : d.
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Lemma 3.22. Given curried profunctor presentations P : C −7−→ D and Q : D −7−→ E , the operation ⊗ respects

provable equality. In other words, if (s≈P(c) s′ : d) and (t ≈Q(d) t ′ : e), then (s⊗ t ≈(P⊛Q)(c) s′⊗ t ′ : e).

Proof. First let us prove the following statements:

1. if (t ≈Q(d) t ′ : e), then for all (p : d) ∈ Gen(P(c)), (p⊗ t ≈(P⊛Q)(c) p⊗ t ′ : e).

2. if (t ≈Q(d) t ′ : e), then for all (s : d) ∈ Term(P(c)), (s⊗ t ≈(P⊛Q)(c) s⊗ t ′ : e).

3. if (s≈P(c) s′ : d), then for all (t : e) ∈ Term(Q(d)), (s⊗ t ≈(P⊛Q)(c) s′⊗ t : e).

Given the definition of the equations in P⊛Q, it is straightforward to prove (1) by induction on ≈Q(d) using

Lemma B.2. Let us now consider (2). If (s : d) ∈ Term(P(c)), then s ≡ p.g for some generator p and D-

path g : d′ → d. Thus s⊗ t ≡ (p⊗Q(g)(t)) and s⊗ t ′ ≡ (p⊗Q(g)(t ′)). Since Q is a curried profunctor

presentation and t ≈Q(d) t ′, we have Q(g)(t) ≈Q(d′) Q(g)(t ′) by Lemma 2.10, and thus by (1), it follows that

s⊗ t ≡ (p⊗Q(g)(t))≈(P⊛Q)(c) p⊗Q(g)(t ′)≡ s⊗ t ′.

Now let us prove (3) by induction on ≈P(c) using Lemma B.2. If (s =P(c) s′ : d) and (t ≡ q.h : e) ∈
Term(Q(d)), then there is an equation (s⊗q=(P⊛Q)(c) s′⊗q : e), hence s⊗t ≡ (s⊗q).h≈(P⊛Q)(c) (s

′⊗q).h≡
s′⊗ t by rule 6 of Lemma B.2. Rules 2-4 clearly follow from the fact that the property in the consequent of

(3) is reflexive, symmetric and transitive.

For Rule 5, we want to show that if s,s′ ∈ Term(P(c)), (s ≈P(c) s′ : d) and for all (t : e) ∈ Term(Q(d)),
(s⊗ t ≈(P⊛Q)(c) s′⊗ t : e), then for any D-path g : d → d′ and term (t : e) ∈ Term(Q(d′)) we have (s.g⊗
t ≈(P⊛Q)(c) s′.g⊗ t : e). But this is equivalent to showing that (s⊗Q(g)(t) ≈(P⊛Q)(c) s′⊗Q(g)(t)), which

follows by the inductive hypothesis.

Finally, for Rule 6, suppose that (g =D g′ : d→ d′). Then Q(g) ≈ Q(g′) since Q is a curried profunctor

presentation. Thus for every (s : d) ∈ Term(P(c)) and (t : e) ∈ Term(Q(d′)), s⊗Q(g)(t) ≈(P⊛Q)(c) s⊗
Q(g′)(t) by (2) above, which is to say that s.g⊗ t ≈(P⊛Q)(c) s.g′⊗ t.

Having proven statements (1), (2) and (3), the result follows by transitivity of ≈(P⊛Q)(c).

Lemma 3.24. Given a C-function symbol f : c→ c′ in C, the function (P⊛Q)( f ) is a morphism of E-

instances. Furthermore P⊛Q is a well-defined curried profunctor presentation from C to E .

Proof. First notice that (P⊛Q)( f )(s⊗ t) ≡ P( f )(s)⊗ t for all ( f : c→ c′) ∈ Path(C), (s : d) ∈ Term(P(c)),
and (t : e) ∈ Term(Q(d)), as can be checked by a simple computation.

Now given a C-function symbol f : c→ c′, to show that (P⊛Q)( f ) is an E-instance morphism, we

must show that it sends equations in (P⊛Q)(c′) to provable equalities in (P⊛Q)(c). Since equations in

(P⊛Q)(c′) have two possible forms, we consider them one by one. If (s=P(c) s′ : d) and (q : e)∈Gen(P(d)),
then (P( f )(s)⊗ q ≈(P⊛Q)(c) P( f )(s′)⊗ q) by Lemma 3.22. On the other hand, if (p : d) ∈ Gen(P(c)) and

(t =Q(d) t ′ : d), then (P( f )(p)⊗ t ≈(P⊛Q)(c) P( f )(p)⊗ t ′) again by Lemma 3.22.

Secondly, we must show that whenever ( f =C f ′ : c→ c′) is an equation between C-paths, we have

(P⊛Q)( f ) ≈ (P⊛Q)( f ′). Thus this reduces to showing that P( f )(p)⊗ q ≈(P⊛Q)(c) P( f ′)(p)⊗ q for all

generators (p⊗q) ∈Gen((P⊛Q)(c′)). But this follows directly from the fact that P( f )≈ P( f ′) and Lemma

3.22.

Lemma 3.25. The assignment (P,Q) 7→ P⊛Q defines a functor

⊛ : Curr(C,D)×Curr(D,E)→ Curr(C,E).

Proof. Suppose that P,P′ : C−7−→D and Q,Q′ : D−7−→ E are curried profunctor presentations and φ : P→ P′ and

ψ : Q→ Q′ are morphisms of curried profunctor presentations. Given c ∈C, let (φ ⊛ψ)c : (P⊛Q)(c)→
(P′⊛Q′)(c) denote the map of E-instance presentations defined by

(φ ⊛ψ)c(p⊗q) :≡ (φc(p)⊗ψd(q))
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for all (p : d) ∈ Gen(P(c)) and (q : e) ∈ Gen(Q(d)). In what follows we make repeated use of Lemma 3.22

without stating it explicitly.

First, notice that that

(φ ⊛ψ)c(s⊗ t)≈(P′⊛Q′)(c) φc(s)⊗ψd(t). (4)

for all (s : d) ∈ Term(P(c)) and (t : e) ∈ Term(Q(d)). Indeed, expand s ≡ p.g where (p : d′) ∈ Gen(P(c))
and g : d′→ d is a D-path, and Q(g)(t)≡ q.h. Then

(φ ⊛ψ)c(s⊗ t)≡ (φ ⊛ψ)c(p⊗q.h)≡ φc(p)⊗ψd′(q).h ≈(P′⊛Q′)(c) φc(p)⊗Q′(g)(ψd(t))≡ φc(s)⊗ψd(t)

where we have used “naturality” of ψ as expressed by diagram (3). The fact that (φ ⊛ψ)c is an E-instance

presentation morphism then follows directly from (4) by looking at the specific form of any equation in P⊛Q

and remembering that both φc and ψd are morphisms of instance presentations.

Finally, let us show that the naturality condition expressed by diagram (3) holds for the family of mor-

phisms {(φ ⊛ψ)c}c∈C. Given a function symbol f : c→ c′ in C and a generator (p⊗ q : e) ∈ Gen((P⊛

Q)(c′)), where (p : d) ∈ Gen(P(c′)),

(φ ⊛ψ)c ((P⊛Q)( f )(p⊗q))≡ φc(P( f )(p))⊗ψd(q) (def. of φ ⊛ψ)

≈(P′⊛Q′)(c) P′( f )(φc′(p))⊗ψd(q) (naturality of φ )

≡ (P′⊛Q′)( f )(φc′(p)⊗ψd(q)) (def. of (P′⊛Q′)( f ))

≡ (P′⊛Q′)( f ) ((φ ⊛ψ)c′(p⊗q)) . (def. of φ ⊛ψ)

Theorem 3.26. Given curried profunctor presentations P : C −7−→ D and Q : D−7−→ E , there is an isomorphism

µP,Q : LPM⊙ LQM→ LP⊛QM

of profunctors, natural in P and Q. Furthermore, if P : C −7−→ D and Q : D −7−→ E are finite curried profunctor

presentations, then P⊛Q is a finite curried profunctor presentation. In particular, composition of profunctors

preserves finite curried presentability.

Proof. It is obvious by construction that if P : C −7−→ D and Q : D −7−→ E are finite curried profunctor presenta-

tions, then (P⊛Q) is a finite curried profunctor presentation. Thus all we need to do is show that there is an

isomorphism of profunctors µP,Q : LPM⊙ LQM∼= LP⊛QM natural in P and Q. We consider both profunctors as

functors LCMop× LDM→ Set. Hence, to give this isomorphism is to give a natural isomorphism, whose com-

ponents are bijections µ
P,Q
(c,e) : (LPM⊙LQM)(c,e)→ LP⊛QM(c,e) for each c∈C and e∈ E . Moreover, we work

with the concrete description of the sets (LPM⊙ LQM)(c,e) given by (2), hence these functions are defined

on equivalence classes 〈[s], [t]〉 where [s] ∈ LPM(c,d) and [t] ∈ LQM(d,e) for some d ∈ D. Notice that in this

formulation of profunctors as functors, their action on morphisms are given by pre- and postcomposition,

i.e. given f : c′→ c a C-path and k : e→ e′ an E-path,

(LPM⊙ LQM)([ f ], [k])(〈[s], [t]〉) = 〈LPM([ f ])([s]), [t.k]〉

= 〈[P( f )(s)], [t.k]〉 and

LP⊛QM([ f ], [k])([(p⊗q).h]) = [(P⊛Q)( f )(p⊗q).h.k]

= [((P)( f )(p)⊗q).h.k].

Let us then define, for each c ∈C and e ∈ E , the map µP,Q
(c,e) by the formula

µP,Q
(c,e)

(〈[s], [t]〉) := [s⊗ t]
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for all d ∈ D, (s : d) ∈ Term(P(c)) and (t : e) ∈ Term(Q(d)). We will now prove that this is a well defined

function. Notice that the domain of µP,Q
(c,e) is defined by two nested quotients by equivalence relations. The

situation is clarified by the following diagram

S(c,e) LP⊛QM(c,e) (s, t) [s⊗ t]

S̃(c,e) (LPM⊙ LQM)(c,e) ([s], [t]) 〈[s], [t]〉

F

q1

q2

F̃ µP,Q
(c,e)

q1

q2

F

where S(c,e) := ∑(s:d)∈Term(P(c)){(t : e) ∈ Term(Q(d))} and S̃(c,e) := ∑d∈DLPM(c,d)× LQM(d,e), and the func-

tions F , q1 and q2 are given by the the mappings on the right. We will first prove that F is constant on the

fibers of q1, hence inducing a function F̃ making the upper triangle in the diagram commute, and then that F̃

is constant on the fibers of q2, hence inducing our desired function µ
P,Q
(c,e). Both are relatively straightforward.

The first step amounts to showing that the expression [s⊗ t] is a well defined function of the pair ([s], [t]).
Let (s : d),(s′ : d′) ∈ Term(P(c)), (t : e) ∈ Term(Q(d)) and (t ′ : e) ∈ Term(Q(d′)) be such that ([s], [t]) =
([s′], [t ′]). Then it must be the case that d′ = d, s≈P(c) s′ and t ′ ≈Q(d) t, from which s⊗ t ≈(P⊛Q)(c) s′⊗ t ′ by

Lemma 3.22.

For the second step, let R ⊆ S̃(c,e)× S̃(c,e) be the binary relation given by ([s], [t])R([s′], [t ′]) if and only

if F̃([s], [t]) = [s⊗ t] = [s′⊗ t ′] = F̃([s′], [t ′]). Since the relation “q2([s], [t]) = q2([s
′], [t ′])” is precisely the

relation ≃ from (2), and since ≃ is defined as the smallest equivalence relation containing ≃0, it is enough

to show that R is an equivalence relation containing ≃0. Since R is clearly an equivalence relation, it only

remains to show that R contains ≃0. Given [s] : c→ d, [s′] : c→ d′, [t] : d → e and [t ′] : d′ → e, suppose

([s], [t]) ≃0 ([s
′], [t ′]). Then there exists a D-path f : d→ d′ such that [s. f ] = [s′] and [Q( f )(t ′)] = [t]. Since

s. f ⊗ t ′ ≡ s⊗Q( f )(t ′), we have F̃([s], [t]) = F̃([s], [Q( f )(t ′)]) = [s⊗Q( f )(t ′)] = [s. f ⊗ t ′] = F̃([s. f ], [t ′]) =
F̃([s′], [t ′]).

Thus we conclude that µP,Q
(c,e) is well defined. Meanwhile, naturality of µP,Q amounts to the fact that, for

all C-paths f : c′→ c and E-paths k : e→ e′, we have the following:

〈[s], [t]〉 〈[P( f )(s)], [t.k]〉

[s⊗ t] [(P⊛Q)( f )(s⊗ t).k] [P( f )(s)⊗ t.k].

µ
P,Q
(c,e)

µ
P,Q
(c′ ,e′)

We have proved that µP,Q is a natural transformation. Let us now prove that it is an isomorphism.

Fixing again c and e, and setting α := µP,Q
(c,e) for the remainder of this proof, we define a map backwards

β : LP⊛QM(c,e)→ (LPM⊙ LQM)(c,e) as follows. If x ∈ LP⊛QM(c,e), then it is of the form x = [r] for some

term r≡ (p⊗q).h where (p : d)∈Gen(P(c)) and (q.h : e)∈ Term(Q(d)). We then define β (x) := 〈[p], [q.h]〉.
Let us show that β is well defined by induction on ≈(P⊛Q)(c).

For the base case, consider an equation r =(P⊛Q)(c) r′. There are two possibilities:

• r≡ s⊗q, r′ ≡ s′⊗q where s =P(c) s′ : d and (q : e)∈Gen(Q(d)). In this case, let s≡ p.g and s′ ≡ p′.g′,
hence r ≡ p⊗Q(g)(q) and r′ ≡ p′⊗Q(g′)(q). Then

β ([r]) = 〈[p], [Q(g)(q)]〉 = 〈[p.g], [q]〉 = 〈[p′.g′], [q]〉= 〈[p′], [Q(g′)(q)]〉 = β ([r′]).

• r≡ p⊗ t, r′ ≡ p⊗ t ′ where (p : d)∈Gen(P(c)) and t =Q(d) t ′ : e. In this case we conclude immediately

that β ([r]) = 〈[p], [t]〉 = 〈[p], [t ′]〉= β ([r′]).
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Thus the base case is proved. Meanwhile, rules 2-4 of Lemma B.2 are immediate from the fact that the

relation {((p⊗q).h,(p′⊗q′).h′) | 〈[p], [q.h]〉 = 〈[p′], [q′.h′]〉} is an equivalence relation. For rule 5, suppose

that (r ≈(P⊛Q)(c) r′ : e), k : e→ e′ is an E-path and β ([r]) = β ([r′]). Let r≡ (p⊗q).h and r′ ≡ (p′⊗q′).h′ so

that 〈[p], [q.h]〉 = 〈[p′], [q′.h′]〉. Then

〈[p], [q.h.k]〉 = (LPM⊙ LQM)(1, [k])(〈[p], [q.h]〉) = (LPM⊙ LQM)(1, [k])(〈[p′], [q′.h′]〉) = 〈[p′], [q′.h′.k]〉.

Rule 6 follows by similar reasoning, from the fact that if (k =E k′ : e→ e′), then [k] = [k′] in LEM and hence

(LPM⊙ LQM)(1, [k]) = (LPM⊙ LQM)(1, [k′]). Thus β is well defined.

Now it is easy to show that α and β are inverse to each other. Indeed, (β ◦α)(〈[p.g], [t]〉) = β ([p.g⊗t]) =
〈[p], [Q(g)(t)]〉 = 〈[p.g], [t]〉. Similarly, (α ◦β )([(p⊗q).h]) = α(〈[p], [q.h]〉) = [p⊗q.h] = [(p⊗q).h].

Thus α = µP,Q
(c,e) is a bijection for every (c,e), and therefore µP,Q defines an isomorphism of profunctors.

Finally, we must show that µ : L−M⊙ L=M ⇒ L−⊛ =M is a natural transformation between functors

Curr(C,D)×Curr(D,E)→ Prof(LCM,LEM). Let φ : P → P′ and ψ : Q → Q′ be morphisms of curried

profunctor presentations P,P′ : C −7−→ D and Q,Q′ : D−7−→ E . Then naturality amounts to the verification

(Lφ ⊛ψM◦µP,Q)(〈[s], [t]〉) = Lφ ⊛ψM([s⊗ t])

= [φc(s)⊗ψd(t)]

= µP′,Q′(〈[φc(s)], [ψd(t)]〉)

= (µP′,Q′ ◦ (LφM⊙ LψM))(〈[s], [t]〉).

C Proofs for Section 4 (Curryable Profunctor Presentations)

Proposition 4.2. Given category presentations C and D, the construction given in Definition 4.1 defines a

functor (−) : Curr(C,D)→ UnCurr(C,D) which preserves provable equality of morphisms and makes the

following diagram commute up to isomorphism

Curr(C,D) UnCurr(C,D)

Prof(LCM,LDM)
L−M L−M

(−)

Furthermore, (−) restricts to a functor (−) : FinCurr(C,D)→ FinUnCurr(C,D).

Proof. We give a sketch of proof. First note that (−) : Term(P(c))→ CPath(P) preserves provable equality,

as can be shown by an easy induction. This is the essential ingredient needed to show that whenever F : P→
Q is a morphism of curried profunctor presentations, F is a morphism of uncurried profunctor presentations;

and that the functor (−) : Curr(C,D)→ UnCurr(C,D) preserves provable equality of morphisms.

The commutation up to isomorphism of the triangle also uses this same ingredient, as well as the fact that

whenever P is a curried profunctor presentation, P is nongenerative and conservative (see Def. 4.6), which

will be shown in Thm. 4.12.

Lemma 4.4. Let P : C −7−→ D be a curried profunctor presentation, and let f : c′ → c be a C-path and t ∈
Term(P(c)). Then

f .t ≈P P( f )(t).
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Proof. We prove this by induction on f . If f ≡ 1c, then the conclusion follows trivially. If the conclusion

holds for a given f : c′→ c and a : c′′→ c′ is a function symbol, then a. f .t ≈P a.P( f )(t). But P( f )(t)≡ q.h
for some generator q and D-path h. Thus a.q.h ≈P P(a)(q.h) by the equations of P, and since P(a)(q.h) ≡
P(a. f )(t), the result follows.

Lemma 4.8. Let P : C −7−→D be a nongenerative uncurried profunctor presentation. Then for every cross-path

t of P there exists a right cross-path r such that t ≈P r.

Proof. Write t ≡ f .p.g where (p : c→ d)∈ Fun(P). Clearly the lemma holds when f = 1c. Now suppose the

lemma holds for a C-path f : c′→ c, and let a : c′′→ c′ be a function symbol. By the inductive hypothesis,

there exists a right cross-path r ≡ p′.g′, where p′ is a generator, such that f .p.g ≈P p′.g′. Thus a. f .p.g ≈P

a.p′.g′. Since P is nongenerative and a.p′ is a short left cross-path, there exists a right cross-path r′ such that

a.p′ ≈P r′, so a. f .p.g≈P r′.g′.

Lemma 4.10. Given an uncurried profunctor presentation P : C −7−→ D, for every c ∈C, there is an obvious

inclusion functor11 ιc : LPcM→ LPM. Thus P is nongenerative if and only if for every c ∈ C, ιc is full on

cross-morphisms. Similarly P is conservative if and only if for every c ∈C, ιc is faithful.

Proof. Suppose P is nongenerative. Given an element [t] ∈ LPM(c,d), by Lemma 4.8 there exists a right

cross-path r in P such that t ≈P r. Since r is a right cross-path starting at c, it is a term in Pc, and thus

[t] = ιc([r]). Therefore ιc is full on cross-morphisms. Conversely, suppose ιc is full on cross-morphisms for

all c. Then given a short left cross-path t of P, there exists a term r in Pc such that [t] = ιc([r]). Since r is a

term in Pc, it is a right cross-path in P. This implies that t ≈P r, and since t was arbitrary, P is nongenerative.

Now suppose P is conservative. Given [r], [r′]∈ LPcM(d) with ιc([r]) = ιc([r′]), by conservativity we have

r ≈Pc r′, so [r] = [r′]. Conversely, suppose ιc is faithful. If r and r′ are right cross-paths in P with r ≈P r′,

then we have ιc([r]) = ιc([r′]). Since ιc is faithful, this implies that r ≈Pc r′.

Theorem 4.12. Given category presentations C and D, the functor (−) : Curr(C,D) → UnCurr(C,D)
takes values in curryable profunctor presentations and rightward morphisms. Furthermore the corestric-

tions (−) : Curr(C,D)→ Crble(C,D) and (−) : FinCurr(C,D) → FinCrble(C,D) are equivalences of

categories which preserve and reflect provable equality.

Proof. Suppose that P : C−7−→D is a curried profunctor presentation. Then P is nongenerative by construction.

We would like to show that P is also conservative by induction using Lemma B.1; however, to do this,

we must show a statement implying conservativity which involves an arbitrary pair of provably equal P-

cross-paths, not just right cross-paths, as in the definition of conservativity. Accordingly, we will show that

whenever f .t ≈P f ′.t ′ is a provable equality of cross-paths, written such that t and t ′ are right cross-paths,

we have P( f )(t)≈P(c) P( f ′)(t ′). Once we show this, it follows a fortiori that whenever t ≈P t ′ is a provable

equality of right cross-paths, t ≈P(c) t ′, or, what is the same thing, t ≈P
c t ′.

If f .t =P f ′.t ′, then either f and f ′ are both trivial, in which case the conclusion follows immediately, or

f is a function symbol and f ′ is trivial, in which case t ′ ≡ P( f )(t), in which case the conclusion follows by

reflexivity of ≈P(c). Rules 2-4 of Lemma B.1 are verified automatically since our conclusion is an equiva-

lence relation. The verifications for rules 5 and 7 follow immediately from the fact that ≈P(c) satisfies rules

5 and 6 of Lemma B.2.

For rule 6 of Lemma B.1, suppose that f .t ≈P f ′.t ′ : c→ d and P( f )(t) ≈P(c) P( f ′)(t ′), and let (g :

c′→ c) ∈ Fun(C). Then P(g. f )(t) ≡ P(g)(P( f )(t)) ≈P(c′) P(g)(P( f ′)(t ′)) ≡ P(g. f ′)(t ′) because P(g) is a

D-instance presentation morphism.

11Where here we think of LPcM as a profunctor LPcM : ∗ −7−→ D.
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For rule 8 of Lemma B.1, suppose that f .t ≈P f ′.t ′ : c→ d and P( f )(t) ≈P(c) P( f ′)(t ′), and let g =C g′ :

c′→ c. Then P(g. f )(t) ≡ P(g)(P( f )(t)) ≈P(c′) P(g)(P( f ′)(t ′))≡ P(g. f ′)(t ′) because P(g)≈ P(g′), since P

is a curried presentation.

Hence P is conservative, and therefore curryable. If F : P→ P′ is a morphism of curried profunctor

presentations, then clearly F sends profunctor function symbols to right cross-paths in P′, so F is rightward,

and (−) corestricts as required.

Now let us show that (−) : Curr(C,D)→ Crble(C,D) is an equivalence. Suppose that Q : C −7−→ D is

a curryable profunctor presentation. We must construct a curried profunctor presentation P and an isomor-

phism P ∼= Q. First let us define P : C −7−→ D sortwise by P(c) := Qc. Since Q is nongenerative, for each

( f : c→ c′) ∈ Fun(C) and p ∈ Gen(P(c′)) there exists a right cross-path r such that r ≈Q f .p. Using the

Axiom of Choice, choose such an r, and set P( f )(p) :≡ r. Thus we have P( f )(p)≈Q f .p, and thus holds for

paths f as well by induction on f . Let us show that P( f ) : P(c′)→ P(c) is a D-instance morphism. Given an

equation (p.g =P(c′) p′.g′), we have

P( f )(p.g) ≈Q f .p.g≈Q f .p′.g′ ≈Q P( f )(p′.g′)

so by conservativity, P( f )(p.g)≈Qc P( f )(p′.g′) which is equivalent to P( f )(p.g)≈P(c) P( f )(p′.g′). Finally,

given an equation ( f =C f ′ : c→ c′) and a generator p ∈ Gen(P(c′)), we have P( f )(p) ≈Q f .p≈Q f ′.p≈Q

P( f ′)(p), so by conservativity, P( f )(p)≈Qc P( f ′)(p), or equivalently P( f )(p)≈P(c) P( f ′)(p), which implies

that P is a well defined curried profunctor presentation. Finally, we construct an isomorphism α : P∼= Q by

α(q) :≡ q, with inverse β given by β (q) :≡ q. By construction α is a rightward morphism. Let us show

that β sends equations to provable equalities. Given an equation f .t =Q f ′.t ′ : c→ d where t and t ′ are right

cross-paths, we have P( f )(t) ≈Q P( f ′)(t ′), so by conservativity P( f )(t) ≈Qc P( f ′)(t ′), which is equivalent

to P( f )(t)≈P(c) P( f ′)(t ′), so β ( f .t)≡ f .t ≈P P( f )(t)≈P P( f ′)(t ′)≈P f ′.t ′ ≡ β ( f ′.t ′) by Lemma 4.4. Thus

(−) is essentially surjective.

It is easy to see that (−) is faithful; let us show it is full. Let P,P′ : C −7−→ D be curried profunctor

presentations and let G : P→ P′ be a rightward morphism of curryable profunctor presentations. Thus for

each p ∈ Gen(P(c)), G(p) is a right cross-path r. Thus we define F : P→ P′ by Fc(p) :≡ r. Then for every

generator we have F(p)≡G(p), so (−) is full.

We have by Prop. 4.2 that (−) preserves provable equality; to see that it also reflects provable equality,

suppose that F,G : P→Q are morphisms of curried presentations with F ≈G. Then for a generator (p : c→
d) of P, Fc(p) ≡ F(p) ≈Q G(p) ≡ Gc(p). Since Q is conservative, Fc(p) ≈Q

c Gc(p), so Fc(p) ≈Q(c) Gc(p)
and P≈ Q.

It follows easily that (−) : FinCurr→ FinCrble is also an equivalence, since (−) preserves finiteness

and the curried presentation P constructed in our proof above of essential surjectivity is finite when Q is.

Proposition 4.14. There exist finite nongenerative uncurried profunctor presentations P :C−7−→D and Q : D−7−→
E between finite category presentations such that LPM⊙ LQM does not admit a finite uncurried presentation.

Proof. Consider the monoid presentations and bimodule presentations M
P
−7−→N

Q
−7−→O defined by M := 〈∅ |∅〉,

N := 〈 f | ∅〉, O := 〈∅ | a,b〉, P(∗) := 〈p | ∅〉N , and Q(∗) := 〈q | f .q = q.a, q = q.b〉O, as depicted in the

following diagram:

• • •
p

f

q

a

b

Both P and Q are nongenerative, as can be easily checked.
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One can show by induction (using Lemma B.1) that every instance of ≈P is of the form p. f n ≈P p. f n

for some n ∈ N. Thus the equivalence classes pn := [p. f n] are distinct for each n ∈ N and LPM(∗,∗) = {pn |
n ∈ N}.

Similarly, induction shows that every instance of ≈Q is of the form f n.q.w ≈Q f n′ .q.w′ satisfying n+
#a(w) = n′+ #a(w

′), where #a(w) is the number of times that a appears in the path w. Thus the equiva-

lence classes qn := [q.an] are distinct for n ∈ N and LQM(∗,∗) = {qn | n ∈ N}, with LQM( f ,1)(qn) = qn+1,

LQM(1,a)(qn) = qn+1, and LQM(1,b)(qn) = qn.

Now consider the composite profunctor LPM⊙ LQM : LCM −7−→ LEM. The relation ≃0 as in (2) is then de-

fined by (pm,qn+o)≃0 (pm+o,qn) for m,n,o ≥ 0. Thus (pm,qn)≃ (pm′ ,qn′) whenever m+n = m′+n′, and

moreover, {((pm,qn), (pm′ ,qn′)) | m+ n = m′+ n′} is an equivalence relation so it is exactly ≃. Hence

the equivalence classes pqn := 〈p0,qn〉 are distinct for n ∈ N and (LPM⊙ LQM)(∗,∗) = {pqn | n ∈ N}, with

(LPM⊙ LQM)(1,a)(pqn) = pqn+1 and (LPM⊙ LQM)(1,b)(pqn) = pqn.

Now suppose that R is a finite uncurried presentation and K : LRM∼= LPM⊙ LQM is an isomorphism. Define

the order o(t) of a cross-path t of R as the unique n such that K([t]) = pqn. Note that provably equal cross-

paths of R have identical order. Moreover, since K is an isomorphism, the function o : CPath(R)→ N is

surjective.

Since RE is finite, let N := max{o(t) | t =R t ′} (we let N := 0 if RE is empty). It is not hard to show

by induction that whenever t ≈R t ′, either o(t) ≤ N or there exist s,s′ ∈ CPath(R) and g ∈ Fun(O) such that

t ≡ s.g and t ′ ≡ s′.g. Let t ∈ CPath(R) be the shortest cross-path such that o(t) = N +1. Then we must have

[t.b] = LRM(1,b)([t]) = [t], so t.b ≈R t. Since o(t) > N, there must be s ∈ CPath(R) such that t =R s.b. But

then s is a shorter cross-path than t with o(s) = N +1, contradicting the definition of t.

D Proofs for Section 5 (The Double Category of Curried Profunctor Presen-

tations)

We include definitions of double categories and double functors for ease of reference and to fix notation for

the proofs that follow.

Notation D.1. In what follows, given morphisms f : A→ B and g : C→ B, let A× f ,B,g C denote the pullback

of the cospan A→ B←C, with the canonical projections π : A× f ,B,g C→ A and π ′ : A× f ,B,g C→C.

Definition D.2. A double category12
D consists of

• A category D0, which we refer to as the vertical category of D.

• A category D1, equipped with two functors L,R : D1→ D0, called the left and right frame functors.

Given an object P ∈ D1 with C = L(P) and D = R(P), we say that P is a proarrow (or horizontal

arrow) from C to D and write P : C −7−→D. We call morphisms φ : P→ P
′ in D1 2-cells. We say a

2-cell φ is globular if L(φ) and R(φ) are identity morphisms in D0.

• A functor U : D0→ D1, which we call the unit, such that L◦U = R◦U = 1D0
.

• A functor ⊙ : D1×R,D0,L D1→D1 called horizontal composition, such that L◦⊙= L◦π and R◦⊙=
R ◦ π ′, which is weakly associative and weakly unital in the sense that there are coherent, globular

left and right unitor and associator isomorphisms [JY20, Definition 12.3.7] denoted λ , ρ , and α ,

respectively.

Given a double category D and objects c,d ∈D0, let D(c,d) denote the subcategory of D1 whose objects are

proarrows p ∈ D1 such that L(p) = c and R(p) = d, and whose morphisms are globular 2-cells φ : p→ p′.

12By a double category, we mean what is sometimes called a weak or pseudo double category in the literature [Fer06; Fio07].

Namely we consider horizontal arrow composition to be weakly unital and associative, in contrast to strict double categories [JY20,

Explanation 12.3.1]
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Definition D.3. A strong double functor F : D→ E of double categories consists of

• A functor F0 : D0→ E0.

• A functor F1 : D1→ E1 such that L◦F1 = F0 ◦L and R◦F1 = F0 ◦R.

• Globular isomorphisms µ : F1 ◦⊙ ∼= ⊙◦F1×F0
F1 and η : F1 ◦U ∼= U ◦F0 which are coherent with

respect to the left and right unitors and associators of D and E (see [Fer06] for the full definition).

In this paper we will only consider double functors that are strong, and thus omit the word “strong.”

Definition D.4. Let D be a double category, and let ∼i be a congruence on Di for i = 0,1. If L, R, U , and

⊙ preserve these congruences, we say that ∼= (∼0,∼1) is a double congruence on D. Then we can define a

double category D/∼, by Di/∼i for i = 0,1 and the functors induced by L, R, U and ⊙.

Lemma D.5. Given a double category D with a double congruence ∼, every double functor F : D→ D
′

factors uniquely through D/∼ to induce a functor (D/∼)→ D
′.

Definition D.6 (Non-globular morphisms). Let Prof := Cat/2 and let Inst be the full subcategory of Prof

on instances. Now define the category InstPr as follows: its objects are C-instance presentations for some

C ∈ CatPr, and a morphism F from I ∈C9InstPr to J ∈ D9InstPr is a morphism of category presentations

|I|→ |J|which sends ∗ 7→ ∗ and sorts of C to sorts of D. In other words, it is given by a morphism of category

presentations F1 : C→ D and a function F01 : Gen(I)→ Term(J) such that p : c implies F01(p) : F1(c) and

for all equations p. f =I p′. f ′, F01(p).F1( f )≈J F01(p′).F1( f ′). Let InstPr≈ be defined by quotienting by ≈,

which holds between F and G if and only if F1 ≈ G1 and F01(p)≈J G01(p) for all p ∈ Gen(I).
Finally, define the category Curr as follows: its objects are curried profunctor presentations, and a

morphism F from P : C −7−→ D to P′ : C′ −7−→ D′ consists of category presentation morphisms F0 : C→C′ and

F1 : D→ D′, along with a collection of morphisms Fc : P(c)→ P′(F0(c)) in InstPr with (Fc)1 = F1, indexed

by the sorts c of C, such that for each function symbol f : c→ c′ in C, the following diagram commutes up

to provable equality:

P(c′) P′(F0(c
′))

P(c) P′(F0(c))

Fc′

P( f ) P′(F0( f ))

Fc

≈ (5)

Notice that (5) still commutes when f is a path, by induction on f ; thus these morphisms can be composed

in the natural way. Let FinCurr denote the full subcategory of finite curried profunctor presentations, i.e. P

such that C, D, and P(c) for each c are finite. We say that two curried profunctor presentation morphisms

F,G : P→ P′ are provably equal, and write F ≈ G, if F0 ≈ G0, F1 ≈G1, and Fc ≈ Gc : P(c)→ P′(F0(c)) =
P′(G0(c)) for each c ∈C.

Definition D.7. Let L,R : Prof→Cat be the functors defined objectwise by sending a profunctor P : C−7−→D

to the categories C and D respectively. Then the operation ⊙ of profunctor composition in Definition 3.3

extends to a functor ⊙ : Prof×R,Cat,L Prof→ Prof. Let U : Cat→ Prof be defined on objects by sending

C to the profunctor pr2 : C× 2→ 2 and on morphisms by sending a functor F : C→ D to the morphism

of profunctors F × 2 : C× 2→ D× 2. Together, the functors L,R,U and ⊙ form a double category Prof

such that Prof0 := Cat and Prof1 := Prof. In other words, the objects are (small) categories, vertical mor-

phisms are functors, horizontal morphisms are profunctors, with horizontal composition given by profunctor

composition and the 2-cells are morphisms of profunctors. Note that Prof(C,D) is the subcategory of Prof

whose objects are profunctors P : C −7−→D, and whose morphisms F : P→ P
′ restrict to the identity on C

and D. See [Sch+17, Example 2.12] and [Lor21, Remark 5.1.8] for more details.

Definition D.8. Let LCurr,RCurr : Curr→CatPr denote the left and right frame functors, sending a curried

profunctor presentation P : C −7−→ D to the category presentations C and D respectively.
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Lemma D.9. The construction P 7→ LPM of Definition 3.18 extends to a functor L−M : Curr→ Prof.

Proof. Given curried profunctor presentations P : C −7−→ D and P′ : C′ −7−→ D′ and a morphism φ : P → P′

between them, let LφM : LPM→ LP′M be defined as the following functor of categories over 2. On objects

and morphisms of LCM it acts as Lφ0M : LCM→ LC′M, while on objects and morphisms of LDM it acts as Lφ1M :

LDM→ LD′M. Finally, given any cross-morphism [t] ∈ LP(c)M(d) = LPM(c,d), let LφM([t]) := [φc(t)]. It is

straightforward to see that this gives a well defined functor which commutes with the projection functors

into 2. Functoriality is also immediate from the definition.

Lemma D.10. The assignment (P,Q) 7→ P⊛Q defines a functor ⊛ : Curr×RCurr,CatPr,LCurr
Curr→ Curr.

Proof. This is just a generalization of Lemma 3.25 to non-globular morphisms of curried profunctor pre-

sentations. Accordingly, the proof is completely analogous. For concreteness, we give the action of ⊛ on

non-globular morphisms.

Given curried profunctor presentations P : C −7−→ D, P′ : C′ −7−→ D′, Q : D−7−→ E and Q′ : D′ −7−→ E ′, and given

non-globular morphisms φ : P→ P′ and ψ : Q→ Q′ such that RCurr(φ) = LCurr(ψ), let φ ⊛ψ : P⊛Q→
P′⊛Q′ be defined by (φ ⊛ψ)0 := φ0 : C→C′, and (φ ⊛ψ)1 := ψ1 : E → E ′, and for each c ∈ Sort(C), let

(φ ⊛ψ)c : (P⊛Q)(c)→ (P′⊛Q′)(φ0(c)) be defined as in Lemma 3.25 by sending generators (p⊗ q) to

(φc(p)⊗ψd(q)), where d = t(p). Using this definition, the proof follows the same steps as those of Lemma

3.25.

Theorem 5.1. There exists a double category Curr such that the objects are category presentations and the

horizontal morphisms are curried profunctor presentations.

Proof. Let us show that the functors LCurr, RCurr, and ⊛ form a double category Curr whose objects are

category presentations, with vertical morphisms given by morphisms of category presentations, horizontal

morphisms given by curried profunctor presentations and 2-cells given by morphisms of curried profunctor

presentations.

We first define a unit functor U : CatPr→Curr. For a category presentation C and a sort c∈C, we define

U(C)(c) to be the C-instance presentation with one generator (xc : c) and no equations. Given a function

symbol ( f : c→ c′) in C, we define U(C)( f ) : U(C)(c′)→ U(C)(c) by (xc′ 7→ xc. f ). Given a category

presentation morphism F : C→C′, we define U(F) : U(C)→U(C′) by U(F)0 =U(F)1 = F and, for each

c ∈C, we define U(F)c : U(C)(c)→U(C′)(Fc) by (xc 7→ xFc). Clearly, we have L◦U = R◦U = 1CatPr.

Next, we define the globular associator and unitor isomorphisms αP,Q,R : (P⊛Q)⊛R ∼= P⊛ (Q⊛R),
λ P : I(L(P))⊛P∼= P, and ρP : P⊛ I(R(P))∼= P, natural in all variables.

For a generator ((p⊗q)⊗r)∈Gen(((P⊛Q)⊛R)(c)), we define αP,Q,R
c ((p⊗q)⊗r) :≡ p⊗(q⊗r). Then

for terms (s : d) ∈ Term(P(c)), (t : e) ∈ Term(Q(d)), and (u : f ) ∈ Term(R(e)), let s ≡ p.g, Q(g)(t) ≡ q.h,

and R(h)(u) ≡ r.k. Then α
P,Q,R
c maps (s⊗ t)⊗ u ≡ (p⊗Q(g)(t))⊗ u ≡ (p⊗ q).h⊗ u ≡ ((p⊗ q)⊗ r).k to

(p⊗ (q⊗ r)).k, which is easily shown to be syntactically equal to s⊗ (t⊗ u). Using this fact we can easily

verify that αP,Q,R is a curried profunctor presentation morphism, and it is also clearly invertible and globular.

This fact also makes naturality in P, Q, and R straightforward to show.

Next, for a generator p ∈ Gen(P(c)), we define λ P
c (xc⊗ p) :≡ p. Clearly λ P

c is an invertible C-instance

morphism. Given a C-function symbol f : c→ c′, we have λ P
c (U(P)( f )(xc′)⊗ p) ≡ λ P

c (xc⊗P( f )(p)) ≡
P( f )(p) ≡ P( f )(λ P

c′ (xc ⊗ p)), so λ P is an isomorphism, and it is easy to see that it is natural in P and

globular.

For a generator (p : d) ∈ Gen(P(c)), we define ρP
c (p⊗ xd) :≡ p. For a D-path g : d → d′, we have

ρP
c (p.g⊗ xd′)≡ ρP

c (p⊗ xd .g)≡ p.g. Just as above, ρP is an isomorphism, natural in P, and globular.

The pentagon and triangle identities are trivially satisfied.
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Theorem 5.2. The construction L−M on curried profunctor presentations defines a double functor L−M :

Curr→ Prof.

Proof. Let L−M0 : Curr0 → Prof0 and L−M1 : Curr1 → Prof1 be given by the semantic functors L−M :

CatPr→Cat and L−M : Curr→Prof. Notice that indeed L◦L−M1 = L−M0◦LCurr and R◦L−M1 = L−M0◦RCurr

as required. The desired globular isomorphism µ :⊙◦L−M1×L−M0
L−M1

∼= L−M1 ◦⊛ is essentially given by the

isomorphism of Theorem 3.26, generalized to non-globular morphisms of curried profunctor presentations.

We now describe this more precisely.

We are looking for a natural isomorphism µ : L−M⊙ L=M ⇒ L−⊛ =M between functors of the type

Curr×RCurr,CatPr,LCurr
Curr→ Prof. This means that we must give a component isomorphism µP,Q : LPM⊙

LQM⇒ LP⊛QM for each pair of composable curried profunctor presentations P and Q. This is already pro-

vided by Theorem 3.26. The only difference, then, is that in order to establish naturality we must now

consider curried profunctor presentations P : C−7−→D, P′ : C′ −7−→D′, Q : D−7−→ E and Q′ : D′ −7−→ E ′, together with

arbitrary morphisms φ : P→ P′ and ψ : Q→Q′, and show that Lφ ⊛ψM◦µP,Q = µP′,Q′ ◦(LφM⊙LψM) using the

functorial action of ⊛ on non-globular morphisms given in Lemma D.10. This is equally immediate as the

verification in the globular case. To clarify the role of the non-globular morphisms we repeat the verification

expanding, without loss of generality, s≡ p and t ≡ q.h for some (p : d) ∈ Gen(P(c)), (q : e′) ∈ Gen(Q(d))
and E-path h : e′→ e. We then have that

(Lφ ⊛ψM◦µP,Q)(〈[p], [q.h]〉) = Lφ ⊛ψM([p⊗q.h])

= [φc(p)⊗ψd(q).ψ1(h)]

= µP′,Q′(〈[φc(p)], [ψd(q).ψ1(h)]〉)

= (µP′,Q′ ◦ (LφM⊙ LψM))(〈[p], [q.h]〉).

Now we define a globular isomorphism εC : LU(C)M→HomLCM as follows. Given a C-path f : c→ c′, let

εC
c ([xc. f ]) = [ f ]. To see that this is well-defined, we must show that for f , f ′ : c→ c′,

(
xc. f ≈U(C)(c) xc. f

′
)
⇐⇒

(
f ≈C f ′

)
(6)

For the (⇒) direction, we observe that ≈C is an equivalence relation, includes ( f , f ′) for every (xc. f =
xc. f

′)∈U(C)(c)E =∅, includes C-equations, and is closed under right-composition with a function symbol.

For the (⇐) direction, we simply observe that ≈|U(C)(c)| specializes to both ≈C and ≈U(C)(c) and respects

left-composition with xc.

It is easily observed that εC
c is a globular morphism of profunctors, and that it is natural in c and C.

Finally, we need to check that µ and ε respect α , λ , and ρ . However, this is straightforward.

Proposition 5.3. The congruences ≈ on Curr and CatPres comprise a double congruence on Curr. Define

Curr≈ by quotienting Curr by ≈, as in Def. D.4. The semantics double functor L−M induces a double

equivalence L−M : Curr≈→ Prof.

Proof. The semantics double functor L−M is invariant with respect to provable equality, so by Lemma D.5

there is an induced double functor L−M : Curr/≈ → Prof. To show that this strong double functor is an

equivalence, [Shu09, Theorem 7.8] tells us that we can show that it is full, faithful, and essentially surjective

in the sense of [Shu09, Def. 3.3, 3.6]. This is straightforward.
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